Universitat
Rostock *©

26.03.2025  RAFAEL WEISSBACH, ERIC ScHOLZ (Universitdt Rostock) 1/38



Universitat
Rostock

Traditio et Innovatio

1 Data

2 Likelihood
Conditional and marginal Likelihood
Criterion function

Theoretical aspects
Fixed birthdate
Random birthdate

3 Estimators
Point estimator and 2 applications
Standard error and 2 applications

26032025  RAFAEL WEISSBACH, ERIC SCHOLZ (Universitait Rostock)



Universitat
Rostock

Traditio et Innovatio

{

Year of closure

Foundation year 2018 2019 2020 or later
2013 (t = 4) 37 17 192
2014 (t = 3) 42 20 200
2015 (t =2) 36 23 210
2016 (t=1) 35 27 278
2017 (t =0) 19 19 293
2013-2017 168 107 1,173

Total no. of observations (m): 1.4 mio

Source: FDZ (Destatis)
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Year of death
Year of birtht 2004 ... ...2013 2014 or later

1900-1953 64 172
Total no. of observations (m): 236

t turning 50 between 1950-2003 (Assumption: no death before age 50)
Source: WiDO (AOK)
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2 Likelihood
Conditional and marginal Likelihood
Criterion function
Theoretical aspects
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In a simple random sample (i.i.d.) with measurements (V;, W) it holds for the joint
distribution
f(vi, w;; 0) = f(vi|w;; 0)f(w;; 0)

¢ Marginal likelihood inference : = arg maxgeo Y_;_, log F(W;; 0)
° In our example with N := {1 x<,},x € No}:

1 Left truncation
(N(),...,N(T),N(T +1),...,N(0))

=V =W

2 Right censoring
(N(T + 1), N(T 4+ 2), N(T +3),...,N(c0))
——

=W =V =W

26.03.2025  RAFAEL WEISSBACH, ERIC SCHOLZ (Universitat Rostock) 2 Likelihood | Conditional and marginal Likelihood




Universitat
Rostock

Traditio et Innovatio

In a simple random sample (i.i.d.) with measurements (V;, W;) it holds for the joint
distribution
f(vi, w;; 0) = f(vi|w;; 0)f(w;; 0)

¢ Conditional likelihood inference

) = log £( V3| Wi;
0 argr;eaé; og f(Vi|W;; 0)

¢ In our example:
(Lir12xy, N(T +1),... N(c0))
———

=W (1) =V
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Assumptions:
° Let X be geometrically' distributed with true parameter value 6, € [¢,1 — £], i.e. X
has the probability mass function:

00(1 — 00)"*1, ifx e N

fa(x o) = Pa, {X = x} = {o it x ¢ N

¢ Enterprises can be observed from the year 2018 onwards
i.e. atanage from T 4 1 onwards
ie. ontheeventT:={T +1< X}

® No distributional assumption for T is needed.

Texponential, if time is continuous
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The conditional (and marginal) Likelihood-contribution of an enterprise with a lifespan
X, which can only be observed from the age T + 1 onwards and conditional on the
event T = {T 4+ 1 < X}, and is observed up to an arbitrary, but fixed time x > X, is:
rL(®) =1, if 1r=0
rL(0) = 6(1 — )X-D-T

X
H {(1 — P{obs. death in x|information at x — 1})17]1{“’5' deathinx}
x=T+1
(P{obs. death in x|information at x — 1})1{°“' death ‘”X}}

X

= II {@-2rAx0) 2 O(A 7A(x,0))2 TV ity = 1
x=T+1
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® For enterprises that close after 2019, only survival up to and including 2019 is
documented.

* Observation period covers s := |{2018,2019}| = 2 years.
¢ marginal Likelihood-contribution conditional on 1 = 1:
TLC(Q) _ 9]1{)(5”2}(1 o 9)min(X—1,T+2)—T

T+2

- H {(1 — P{obs. death in x|information at x — 1})1_1{“’5' deathin =}
x=T+1
(P{obs. death in x|information at x — 1})1“"5' deatn i””}
T+2
= I {02 7A00) 2D £A%(x, )2 V)
x=T+1

2 Likelihood | Criferion function for left fruncated and right censored durations
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¢ Fix t: = 17 is still random - conditioning still necessary

¢ Marginal counting process N := (0,...,0, N(t + 1),... N(0))

Ir=1:X>t+1= N(t)=0: N is observable.

Ir=0:X<t= N(x)=1, x > t: N is observable!

¢ Model time x life’ in (joint) distribution of N: Increments
Nx—D\WE) | 0 [1]

0 0 1
1 not defined | 0
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¢ Want to integrate time-model in distribution-definition of N and ;. )
¢ (In vector ‘usually’ it is e.g. E(N) componentwise.)

° Am | able to answer - at an age x - the question ‘X = k?’ for every k < x?

N(x)
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¢ Want to integrate time-model in distribution-definition of N and ;. )
¢ (In vector ‘usually’ it is e.g. E(N) componentwise.)

° Am | able to answer - at an age x - the question ‘X = k?’ for every k < x?

N(x)
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Concept memory and marginalization
® -i.e. to know at the age x whether the enterprise is closed yet, and if, when,

¢ - defines the filtration consisting of

fx = U{]].{X:k},]. S k S X}

° Note that 7, = O'{]l{x<k},1 <k< X}
——

N(k)
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Concept memory and marginalization

AN with AN(x) :== N(x) — N(x — 1)
EQ(AN(X)LFX_;[) = G]I{XZX} =. AA(X,Q)

Later, when T is random, this will require X and T to be independent (which they
never are).

In the context of stochastic processes, the marginalization is reducing attention
and corresponds to a coarser filtration.

Later, increasing the filtration will be necessary when the random T introduces
more information.

Initiating attention from some age t onward (see also Figure), requires to exclude
earlier outcomes from the probability model, formally represented by the set
{0,1 < k <t}

26.03.2025  RAFAEL WEISSBACH, ERIC SCHOLZ (Universitéat Rostock) 2 Likelihood | Theoretical aspects
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Concept memory and marginalization

¢ To know at the age of x > t + 1, whether the enterprise is closed yet (1 x>¢41}),
and if, when (except is was before t + 1)

® -is now
tGx = 0{ Taex<iy > Lixsksa), t +1 < k < x}
—_— Y—

Leri<xyN(k) =Y
N————
=1t N(k)
° Note that the processes 1x>,,1; can replace the information 1x>,,1; because
1{x>k41y for k > t + 1 are in combination with 1 ;,,;<x< redundant.

¢ In view of the Figure we can call this an observed filtration.
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Concept memory and marginalization

Lier1an (1 — g)x—(H-l)g +Lpsag = ftNl]l{t+1§X}(tnl]l{t+lsx})
X
= JI (0= Aca(x,0)*2CN(A ca(x, 0))4 )
x=t+1

after ‘gauging’ :N(x) := N(x) — N(min(x, t)).
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Let Q := {wq,ws, ...} be the set of all possible events:

W(x—1)-5+t+1 ‘= {enterprise has lifespan of x years
and has an age of t in 2017}, x e Nand t € {0, ...,4}

t

4 s 1o . . . .

3 s e . . . .

2 bz g iz T ‘ ‘

1 . . . . .
b 7 b2

0 fn g W11 e Qo1 Qo
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° Let X :Q — N: wi_1).54e41 — x the lifespan of an enterprise
and T : Q — No : wi—1).5+¢41 +> t be the age in 2017

® Observability for an enterprise is only givenon T := {T + 1 < X}

t

4 s &0 . . . .

3 be G : . .

2 o3 g b1z T : T :

1 bp b7 2 T : :

0 b1 e W11 e o1 Lo
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¢ € can be combined with the o-Algebra 7 = P(2) and the probability measure Py,
where 0 € ©, to the probability space (2, F, Py)

¢ Assumption: year of foundation and lifespan are independent

Py(w) = Px(w; 0)Pr(w), Vw € Q, 0 € ©

¢ semi-parametric model: Pr(w) can be chosen arbitrarily

¢ Consideration of lifespan as a round game =- X is geometrically distributed with
the true parameter value 6y:

Bo(1— o)L, ifx=1,2,...

fo(x;60) == Po{X =x} = Px{X =x;6p} =
6(x;6) := Poo{X = x} = Px{X = x; 6o} {0’ clse

26.03.2025  RAFAEL WEISSBACH, ERIC SCHOLZ (Universitéat Rostock) 2 Likelihood | Theoretical Aspects - Random birthdate
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¢ Let 6y be the probability for being closed within one year
¢ Assumption: 6y constant

¢ Aim: Derivation of a conditional (and marginal) Likelihood-function for the
estimation of 6,

¢ Therefore needed:
- observable counting process N and
- its compensator r A

- with respect to an observable filtration { +Fx : x € No}

26.03.2025  RAFAEL WEISSBACH, ERIC SCHOLZ (Universitéit Rostock) 2 Likelihood | Theoretical Aspects - Random birthdate
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° Start with latent, not observable filtration, coarsening later

¢ Which questions about the enterprise should be able to be answered at an
arbitrary, but fixed point of time x € Ny?

(1) Does the enterprise have been closed until x?
(2) When was the enterprise founded?

(3) Is the enterprise observable? — measurability of T is essential

26.03.2025  RAFAEL WEISSBACH, ERIC SCHOLZ (Universitéit Rostock) 2 Likelihood | Theoretical Aspects - Random Birthdate - Latent Filtration




Traditio et Innovatio

t
4 (:)5 . . . . .
K] (:) . . . . . .
2 . . . . . . .
1 . ) . . . . .
0 . . .
w1 We w11 W16 w21 W26

andom Birthdaf



Universitat
Rostock

Traditio et Innovatio

t X X
%
4 (:}5 . . D . 0
3 Z:JA . . . . .
2 &1 . J . 0 Q. (1): Information about closure in the first x
years: Fy == o{Xy : k€ {1,...,x}}
1 ‘:]2 . . . . .
T ) e b b G
X
1 2 3 4 5 8
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t Q. (1): Information about closure in the first x
years: F, == o{Xyx : ke {1,...,x}}
4 s * : ) : ) Q. (2): Information about year of foundation:
3 . . . . . . Go:=0{T;:t€{0,...,4}}
w4 (1).(2): Gy :=Fx VG
2 b : . . ’[[‘ . Q. (3): Information about observability:
Gr=c{TeF:Tn{T =x} €G,,
1 by " . . . . Vx € Ny} contains all information
0 . . . . . . until T
W W Wi wig W wog (because T is a G,-stopping time)
Itholds T € Gr

X
1 2 3 4 5 6 (1)~ (3): 7Gx :==Gx VGr
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¢ Independently of truncation, the value of +N is observable, whereby

1, if observable closure happened until time x

NG = rlixeg = {0 else

N is rG.-adapted and is called left-truncated counting process

® Analogously, 7Y is the rG.-adapted, left-truncated under-risk-process with:

1, if observable closure at x + 1 is possible

TY(X) = Lranlix—1>x = {0 clse

¢ Aim: Decomposition of +N = rA+ rM into a rG,_;1-adapted trend rA
(compensator) and a rest +M (martingale with respect to (+Gx, PQ,TO ))

26.03.2025  RAFAEL WEISSBACH, ERIC SCHOLZ (Universitéat Rostock) 2 Likelihood | Theoretical Aspects - Random T - Counting process and compensator
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Theorem (Andersen et al., 1988, Proposition 4.1)

If an enterprise is only observable on the event T = {T + 1 < X} with
ag, := Po,{T} > 0, then the related left truncated counting process N has the
compensator 1A with +A(0, 6y) = 0 and

X

TA(x, 0) = 6o Z rY(k—1)

k=1

Here, 1A is defined with respect to a filtration { G : x € No} and conditional
probability measure P; with

P, {GNT}  Pe{GNT}
P90{T} Qg

P {G} = ,VG € F.

26.03.2025  RAFAEL WEISSBACH, ERI (Universitéit Rostock) 2 Likelihood | Theoretical Aspects - Random T - Counting process and compensator
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° We already have got the left-truncated counting process N and its related
(7Gx, Py, )-compensator A

® Problem: { rG. : x € Ny} contains information, which is not observable in practical
situations

¢ Example: A closure before the study begins is not observable, but foran x < T it
holds, that:
Xx S Tgx

¢ Solution: coarser filtration { 7 F : T < x} with +F, C 7§, and:

Fx = o{TN(K), 7Y (k) sk € {T.....x}}

° rAalsois the (7, Pj )-compensator of +N

26.03.2025  RAFAEL WEISSBACH, ERIC SCHOLZ (Universitéat Rostock) 2 Likelihood | Theoretical Aspects - Random T - Coarser Filtration
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3 Estimators
Point estimator and 2 applications
Standard error and 2 applications
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¢ Assumption: {Xi,..., Xy}, {T1,..., T,} are sets of i.i.d. random variables
° marginal conditional likelihood-function for sample size n:

n n
TrL5(0) = H[TL.C(Q)]I{TI‘HSX"} - H[Qﬂ{x,-gr,-+2} (1- 0)min(X,-—1,T,-+2)—T,-]11{T,-+1§x,—}
i=1 i=1

¢ Point estimator for 6y (with xy > 6 > T; 4+ 2):

6 — 27:1 Z))le A 7Nf(x)
27:1 Z;(:l 7Y (x—1)

26,03.2025 RAFAEL WEISSBACH, ERIC SCHOLZ (Universitéit Rostock) 3 Estimators | Point estimator and 2 applications
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Year of closure
Foundation year 2018 2019 2020 or later

onbs _ t:,pbs =1 onbs _ t]pbs -2 M — Muyncens

2013-2017 168 107 1,173

Total no. of observations (m): 1.4 mio
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No. observ. No. closures ‘Time at risk’ (years) Point
m muncens ZF:UZCEHS (XJ'ObS - tfbs) + 2(m - muncens) é
1.4 mio 275 1168 + 2.107+ 2:1,173 0.1009

Point estimator (practitioner’s formula), -

Yo Lt<x—1<t41} 168,142 + 107,050

- ~ 0.1009
S e 1y (A (6+2)) — 6] 1-168,142 +2-107,050 + 2 - 1,172,652

Life expectancy: E;{X} = 1 ~ 0.91 years
0 0
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No. observ. No. deaths ‘Time at risk’ (years) Point
m muncens Z}":‘Jrlrcens XJ'ObS - thbs) + 10(m - muncens) 0
236 64 111+10-172 0.035

Death hazard (theoretical formula), 8:

SialydrNEC) e
S Ye(gdx  111410-172

Life expectancy: E;{X} = 1 ~ -1 ~ 28 (+50 = 78) years
é 4 ~ 0.035
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Theorem (Billingsley, 2012, Theo. 35.12)

Suppose that for n — oo
G+s
STE(A N(x) — A AP 7 FEy) B o? >0
x=1
and
G+s
D ENA TNE(x) = A AP L8 (-4 rAc(ize}) = 0
x=1
foreache. Then N.(G +s) — A(G+s) = oN for n — oc.
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Under Assumptions with's > 2 and Z ~ N(0,1), itis /n(6 — 6,) = 012, for n — co.

Practitioner's Formula (Scholz and Wei3bach (2024), F. 18):

52 (1 — 6)

Var(f) = — ~
ar( ) n (zjf'nzuilcens XJObS _ tJQbS) + SMeens

For time-continuous scale: Andersen et al. (1993): ‘Statistical Models based on
Counting Processes’: Theorem VI.1.2

26.03.2025  RAFAEL niversitat Rostock) 3 Estimators | Standard error and 2 applications
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No. observ. No. closures ‘Time at risk’ (years) Point SE
m Muncens z}n:‘l;cens (Xf'bS — tJ-Obs) + 2mce,,s é Var(é)
1.4 mio 275 1.168 + 2:107+ 2:1,173 0.1009 1.8-107*

¢ Standard error:

0.1009 - (1 — 0.1009) 0.091 _
SE ~ ~ ~1.82-107%
\/1 - 168,142 +1-107,050 + 2 - 1,172,652 \/2,727,546 82-10

¢ Confidence interval, s, for 6: [0.1005; 0.1013]
¢ ... for the German enterprise life expectancy: [9.88;9.95]

° Width of interval: one months

26.03.2025  RAFAEL WEISSBACH, ERIC SCHOLZ (Universitéat Rostock) 3 Estimators | Standard error and 2 applications: Business demography
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No. observ. No. deaths ‘Time at risk’ (years) Point SE
m Myncens Z}n:u;mns (onbs - thbs) + lomcens é Var(é)
236 64 111+10-172 0.035 1.4-107*

¢ Standard error (practitioner’s formula: Wei3bach et al. (2024, F. A7)):

(X7 Dgtzx<t10p(Xi = ) + 10Meens) 111,000 + 10 - 172,000

~14-107*
/Muncens /64,000

SE ~

Confidence interval,,—sy, for 6: [0.0350; 0.0355]
... for the German people’s life expectancy: [28.10; 28.57] + 50 = [78.10; 78.57]

¢ Width of interval: half year

26.03.2025  RAFAEL WEISSBACH, ERIC SCHOLZ (Universitéat Rostock) 3 Estimators | Standard error and 2 applications: Human demography




Universitat
Rostock ©

{

Traditio et Innovatio

=9

=)

=y

Andersen, P, @. Borgan, R. Gill und N. Keiding. 1993. Statistical Models Based
on Counting Processes. Springer, New York.

Billingsley, P. 2012. Probability and Measure (4th ed.). Wiley, New York.

T.R. Fleming and D.P. Harrington. Counting Processes and Survival Analysis.
Wiley, Hoboken, 1991.

Kalbfleisch, J. und R. Prentice. 2002. The Statistical Analysis of Failure Time Data
(2nd ed.). John Wiley & Sons, New York.

Scholz, E., R. WeiBBbach. 2024. Left-truncated discrete lifespans: The AFiD
enterprise panel. Preprint https://doi.org/10.48550/arXiv.2411.12367 .

WeiBbach, R., A. Dérre, D. Wied, G. Doblhammer, und A. Fink. 2024.
Left-truncated health insurance claims data: Theoretical review and empirical
application. AStA Advances in Statistical Analysis 108: 31-68.

ELW tock)  Bibliography

\




	1 Data
	No. of German enterprises closed (in thousands)
	Radom (fixed) design
	No. of German people died (in thousands)
	Radom (fixed) design

	2 Likelihood
	Conditional and marginal Likelihood
	Criterion function
	Criterion function for left-truncated durations
	Criterion function for left truncated and right censored durations
	Theoretical aspects
	Theoretical Aspects - Random birthdate
	Theoretical Aspects - Random Birthdate - Latent Filtration
	Theoretical Aspects - Random T - Counting process and compensator
	Theoretical Aspects - Random T - Coarser Filtration

	3 Estimators
	Point estimator and 2 applications
	Point estimator and 2 applications: Business demography
	Point estimator and 2 applications: Human demography
	Standard error and 2 applications
	Standard error and 2 applications: Business demography
	Standard error and 2 applications: Human demography

	Bibliography

