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Simplifying assumptions:
¢ Independence of age at truncation T and duration X
— conflict with progress of life expectancy
< copula dependence model and parametric test on the copula parameter
¢ Exponentially distributed X, uniformly distributed T
— possibly overly simple form

< create a bivariate Kolmogorov-Smirnov type test
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2 Population model and Likelihood

Assumptions:
(A1) Marginal distributions: T; ~ Uni[0, G] and X; ~ Exp(6) with 6 € [eg,1/e]
(A2) Gumbel-Barnett copula with ¢ € [0,1 — ey]:
Co(u,v) =u+v—1+(1—u)(1—v)e Vosli=u)logl=v)
° Bivariate exponential distribution after Gumbel (1960)
Fix,y)=1—e " —eV +e XV
S (X, T (QA,Pg) — (S5,B),i=1,...,n,n €N, u.iv.
° fy joint density of (X;, T;)T wrt. Pgforx >0and0 <t < G
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Truncation:
¢ Observation parallelogram
(A3) D={(x,)T|0<t<x<t+st<G}

* Notation of observation by (X;, T;)7, j = 1,..., M, < n, with
M, = Z?:l ]l{(X;,T,-)TeD}

G t+s
_ - ao=Pe(Ti§X;§Tf+s)=/ / fo(x, £) dx dt
¢ Selection probability o Ji
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Likelihood:
¢ Standard results for point processes (see e.g. Reiss, 1993)
¢ Loglikelihood

log ¢(0, n) Iognfg T-)+(G+s)G—na9
j

= Z Ly(x,,1)7epy log nfe(Xi, Ti) + (G + 5)G — nag
i=1

® Maximize by replacing n with n = M, /ag, yields observability and reduces
dimension of score function
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3.1 Asymptotic distribution

¢ Hypothesis of independence: Hy: ¥ =0
< distribution of test statistic T, = /nd,/oy under Hy?
Preliminaries:
= Under (A1) — (A3) holds weak consistency for 8y € [9,1/c¢] X [0,1 — ey]:
8, 25 0y forn— oo
= Under (A1) — (A3) holds asymptotic normality for 8¢ € (4,1/e9) x (0,1 — £y):
V(8 — 80) ~+ N (0,Z(60) ™)
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Theorem 3.3 Asympt. distrib. for o = 0 (Moran, 1971)

Under assumptions (A1)-(A3), 8y € (g4,1/5) x {0}, the sequence /n(8, — 6;)
converges for n — oo in distribution towards the mixture of distributions

1 1
q)go(ag, 319) = EFleo(ag, 319) + EFgo(ag, ag),

where
* FP is defined on R x R+, and corrsponds to 2 - A'(0,Z(6) ).

* F% is the distribution of o ¥; on R x {0}, where 0@ := (Z(8)11) .
® The distribution of Y; is the distribution of Y; conditional on

Y2 — 1(00)12 . 0'(2) Yl < 0, with (Yl, YQ)T ~ N(O,I(ao))
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3.2 Stationarity of enterprise lifespans

Positive trend:

¢ Consideration of m, = 55279 German enterprise lifespans )~<J ending (due to
insolvency) between 2014 and 2016

¢ Foundation period between 1990 and 2013 = T; age at the beginning of 2014
° Results:

Copula 6, d» 1/0, 7 oy h 69/\/n
GB 0083 0 1211 0 0.095 579089 5.19.103

® No rejection of independence hypothesis (t; = 1.645, o = 0.05)

= Increasing lifespan with later foundations can not be expected
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Negative trend:

° Rotated Gumbel-Barnett copula with 978 € [0,1 — &y,
Farlie-Gumbel-Morgenstern copula with 9F¢M ¢ [-1,1]

Copula 4, 9,  1/0, T ag,

GB 0.083 0 12.11 0 0.095
RGB 0.083 0.06 12.05 0.029 0.097
FGM  0.082 0.10 12.24 0.023 0.098

Copula h &9/\/n T,

GB 579089 5.19-103 0
RGB 571018 5.82-1073 10.315
FGM 566816 1.81-1072 5.709
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Abbildung: Left: Scatterplots for copulas GB (¢ = 1), SGB (¢ = 1), FGM (¢ = 1 and ¢ = —1);
Right: Expected lifespan conditional on age-at-study-begin for SGB and FGM
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4 Kolmogorov-Smirnov type test

° Replace (A2) by independence copula Cn(u,v) := u - v.
° Ho : The distribution of (X;, T;)T comes from {FX - FT |6 € ©}.
* Truncated point process N, p(-) = >, e(>T<;)(- N D)
¢ Estimates:
- Parameter 6, as Z-estimator
< consistency and asymptotic normality from W & Wied (2022)
+ Sample size h = M,,/aén with M, = N, p(D)

“ LLN: Ma/n =5 ag,,  CLT: /i1 (2M, — ag,) 55 N (0, gy (1 — ag, ) )
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4.1 Asymptotic distribution

¢ Test statistic:

Vi sup

(x,t)eS

LN, 5 ([0,x] % [0,8]) — By ((Xa, T2)T € [0,x] x [0,4] D)’

¢ |dea: decomposition into

—Vn <%Nn,D - ]P’eo) ++v/n (%Nn, ]P’(;n) +Vh (%Nn,o - ]P’eo)
1 2 ®3)

+/n (M_ \/Of_eo) \/;_9 [\/LE\/LEN,,’D + \/\/%P } +remainder
@) )
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¢ Overview of the four scenarios and limiting processes (n — o)

Gaussian Process

Test Statistic
Symbol Representation
(1) V/nd(6o, n) Bp,, Bp,, _
(2) \/Bd(em n) G](Pégo ]B]P’oo - BIP% ((b@o) . E90
(3)  Vhad(fo,h)  GE, Bpo, — By, (10) - gy /e,
(15)  VAd(Bnh)  Hr,  Gh, +Br,(d0) - |+2Eg, — Eoo|

* Asympt. linearity /n(6, — 6o) = <= 377 ¢g,(Xi, i) + op,, (1)

n

¢ Convergence in sup-norm due to continuous mapping theorem
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4.2 Calculating the test statistic
® Method according by Justel, Pefia, Zamar (1997)

¢ Evaluation test statistic on a finite set in spite of infinite jumps

u

® observations

X intersection points

O projections on the borders

A corners

0 1w

Abbildung: Two dimensional empirical distribution function (multiplied with 6)
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4.3 Homogeneity of enterprise lifespans

Test statistic:
¢ 55 thousend obs.; 22 thousend margin projections; 5.97 mio. intersection points
¢ Independence copula: 1.65 (largest deviation in intersections)

Quantile:
* Estimator for independent trunkation 4, = 0,0826 by W & Wied (2022)

® Grid width 0.01 = Number of entries in Covariance mnatrix
(100G - 100(G + 5))? = 4.2 - 1013
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¢ Independence copula: 1.65

¢ Comparison with quantiles:

Cn
Stages  0.10 0.05 0.01 | 0.10
(fo,n) 05745 0.6446 0.7805 | 0.579
(6n,n) 05719 0.6558 0.8298 | 0.732

(6o,7) 0.3820 0.4235 0.5034 | 0.386
(6,,7) 0.2869 0.3051 0.3558 | 0.237

= Reject hypothesis

27.03.2025 Rafael Weissbach & Anne-Marie Toparkus  (Universitét Rostock) 4 Kolmogorov-Smirnov type test I 4.3 Homogeneity of enterprise lifespans
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Independence copula: 1.65

Comparison with quantiles:

FGM-Copula: 1.69

Cn chem
SchatzgréBen  0.10 0.05 0.01 | 0.10 0.05 0.01
(6o, n) 0.5745 0.6446 0.7805 | 0.5799 0.6518 0.7862
(0,,n) 0.5719 0.6558 0.8298 | 0.7320 0.8510 1.0816
(6o, N) 0.3820 0.4235 0.5034 | 0.3868 0.4275 0.5092
(0,, ) 0.2869 0.3051 0.3558 | 0.2378 0.2535 0.2914

Reject hypothesis
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5 Summary

¢ Truncation dependence modelling with copulas
= Dependence in business data is weak but significant
< multi causal: covariates in micro- or macro-economic sense
< +censoring in Sieg/Toparkus/W SPL Nov. 2025

¢ Limit distribution of truncated process is a Gaussian process
— thus construction of Kolmogorov-Smirnov type test
= Oversimplified assumptions on marginals for business data

— less frequent business foundations, other lifespan distribution
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Simulation of power
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Thank you for your patience!
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